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Abstract: In the present paper we have studied some properties of fuzzy anti inner product
space and defined level completeness of fuzzy anti inner product space. We have introduced
the notion of « -fuzzy orthogonality and fuzzy orthogonality and its properties. The
relationship between « -fuzzy orthogonality and fuzzy orthogonality has been established.

Fuzzy anti Hilbert space has also been introduced and its projection theorem has been given.
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1. Introduction: The concept of fuzzy set was first introduced by Zadeh in 1965 [10] which
provides a natural framework for generalization of many concepts of general topology to
fuzzy topology. Later Katraras [5] and Felbin [3] introduced the notion of fuzzy norm on a
linear space in different ways. Several other workers have studied various properties of fuzzy
normed linear spaces [1, 2, 8]. The definition of fuzzy inner product function on a linear
space was introduced by Majumdar and Samanta [7] and they also studied some properties of
fuzzy inner product function. They induced a fuzzy norm from the fuzzy inner product
function and derived many important results related to minimizing vector, fuzzy
orthogonality and parallelogram law.

In 2019 Sinha [9] introduced the definition of fuzzy anti inner product space and
proved parallelogram law and polarization identity on fuzzy anti inner product space.

In this paper we have introduced the notion of fuzzy orthogonality. We have defined
fuzzy anti- Hilbert space and relationship between « -fuzzy orthogonality and fuzzy

orthogonality has been established.

2. Preliminaries: In this section some definitions and preliminary results have been given

which will be used later in this paper.

Definition 2.1 [9]: Let X be a linear space over the field C of complex number. Let

1 X x X xC —[0,1] be a mapping such that the following holds,

1. (FalPL) For S,t e C, i’ (x+ Y, ,[t|+|s) < max{u’ (x, 2, t]), " (y, z.]s])},
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2. (FalP2) For S,teC,u (X, y,[st]) < max{y*(x, X,‘S‘z),u*(y, y,‘t‘z)},

3. (FalP3) For teC,u" (x,y,t)=u"(y, X,t),
4. (FalP4) u*(ax,y,t) = y*(x, y,‘t—‘}a(v& 0)eC,teC
a

5. (FalP5) u*(x,x,t)=1vteC/R",
6. (FalP6) 1 (X, X,t)=0,vt>0 ifandonlyif x=0
7. (FalP7) u (X,X,®):R —[0]] is a monotonic non increasing function of R and

lim 2" (x, x,t)=0.

t—w

Then ,u*is said to be fuzzy anti inner product (FalP in short) function on X and the pair

(X ,y*) is called a fuzzy anti inner product space.

Theorem 2.1 [9]: Let (X,,u*) is a fuzzy anti inner product space. Then the function

N": X x R — [0,1] defined by

N*(X,t):y*(x,x,tz),VteR and t >0 ceeeeeenn (1)

=1 VteR andt<0

is a fuzzy anti norm induced by the FalP. Now if z" satisfying the following condition :
(FalP8) (' (x,x,t?) <1Vt >0)= x=0and
(FalP9) Forall x,y € X and p,q R,

w (X Yo+ Y207 A g (= y,x= y,2p°) < (%02 A 2 (v, 1, 0°)

Then x|, = Aft>0:N*(x,t)<a,@ e(01)} is a decreasing family of norms (& -norm)

on X, satisfying parallelogram law. Then using polarization identity we can get ordinary

inner product, called the & -inner product as

(xy) =X, +iY, , (0l e 2)
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1 1 . .
Where X, = (x+ylf -|x-yl2) and v, =3 (i - x- i)
Definition 2.2 [4]: Let (X,N°) be fuzzy anti normed linear space and « < (0,1). A sequence

{xn} in X is said to be «-convergent in X if there exists xe X such that

limN*(x, - x,t)<l-a,V t>0 and x is called the limit of {x_}.

n—o

Definition 2.3 [4]: Let (X,N°) be fuzzy anti normed linear space and « (01). A sequence

{xn}inx is said to be « -Cauchy in X if lim N*(xn—xn+p,t)<1—a, vt>0and p=123......

nN—o

Definition 2.4 [4]: Let (X,N") be fuzzy anti normed linear space and « € (0,1). It is said to

be a -complete if any « -Cauchy sequence in X, « -converges to a point in X
3. Fuzzy Orthogonality, o -Fuzzy Orthogonality and Fuzzy anti Hilbert space:

In this section we have established some results regarding fuzzy anti-inner product function
and introduced the notion of « -fuzzy orthogonality and fuzzy orthogonality. We have also
established a relationship between « -fuzzy orthogonality and fuzzy orthogonality. We have

also proved projection theorem on fuzzy anti- Hilbert space.

Theorem 3.1 : Let (X, N*) be a fuzzy anti normed linear space. Assume that X,y € X and

s,teCandmax {N(x[st]) N"(y,|st])} < max {N *(x,|s|2). N (y|t|2)}

Define 1" : X x X xC —[01] asz’(x,y,s +t)=1 ifx= yands+t e C - R, elsewhere as

(X, y,s+t)= N*(x,|s|)A N (y|t|) then 4" is a fuzzy anti inner product on X .
Proof : (FalP1) For s,teCandX,Y,Z <€ X we have,
p(x+y,2,[8]+ 1) = g (x + v, 2,]5) +[f + 0)

= N*(x+ y,[s|+[t]) A N*(z,0)
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< max{N"(x,[s[). N“(y.[t]}} A N*(2,0)
< max{N"(x,[s|) » N*(2,0), N*(y, ft))n N*(2,0)}
So 4" (x+y, 2,[s] +1t) < max{u (x, 2,Is[) " (v, 2, )}
(FalP2) 4r'(x,y.[st])= ' (x,y. st] +0)
= N"(x,[st)) A N*(y.0)
SNefst)  asN(y0)=1
similarly 4 (x,y.[st) = N*(y.[st)
Thus o (x v fst)=N"(xfst)=N(yJst) (1)
= max{N"(x,[st]) N (y. st}
<maxi (e s\ (v ) by (1)
- maxc x5 Ly vl )
(FalP3) 4 (x,y,t)= (X, y,t +0)
N () AN (.0)
“N(of)  asN(y0)=1

So, y*(x, y,f): N *(y,‘f‘): y*(y, x,f)

(FalP4) " (ax, y,t) = N* (o [t]) = N’{x,ﬂ] = ﬂ{xl V’LJ

o o
(FalP5) u'(x,xt)=1vteC—R" (by definition)

(FalP6) 1 (x,x,t)=0,vt>0
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& N*(x,t)=0,vt >0

= x=0

(FalP7) Since u'(x,x,.)=N"(x,.) and N*(x,.) is a monotonic non-increasing function of R

and limN*(x,t)=0.Thus 4" is a fuzzy anti inner producton X . DO

Theorem 3.2: Let (X , y*) be a fuzzy anti inner product space satisfying (FalP8), (FalP9) and

(,). be its a -inner product, o <(01). Define 4 :XxXxC—[01] asz(x,y,t)=1 ifx=y
andvteC—R", elsewhere as z (X, y,t)= /\{a € (O,l):‘(x, y>‘ < t} then 4 is a fuzzy anti inner

product on X if ‘()a‘ is decreasing function of R .

Proof : (FalP1) For s,t eC andX,Y,Z € X we have to show that
15 (x+ . 2,[5]+ ) < max{ee; (x, 2.[s[) 4 (v, 2, ]}

Let p= yl*(x, z,|s|) and q = ,ul*(y, z,|t|), without loss of generality assume that p>q. Let
p > qthen3 e and S such that‘(x, z)a‘ <|s| and ‘(y z>ﬂ‘ <l|t|. Lety = v B thus

‘(x, z>:‘<‘<x,z>’;‘<|s| and‘(y,z>:‘<‘<y,z>;‘<|t|. As (,) is decreasing.

Now, \<x+ y,z>;\=\<x,z>;‘ +<y,z>;\ g\(x,zx M(y,z);\ <|s]+[t

Therefore u; (x+y, 2,[s|+[t]) < 7, thus sz (x + v, 2,[3] + [t]) < max{e (x,2,|3]), 2 (v, 2.t}
(FalP2) For s,t eC and X,y € X we have to show that

yj(x, y,|st|)s max{yl* (x, x,|s|2) yl"(y, y,|t|2)}.Let p=u (x, X, |s|2) andq= yf(y, y,|t|2) without loss

of generality assume that p >q. So, 3« such that‘(x, x>a‘ <|s[* and3 such that‘(y, y)ﬁ‘ <[t

Lety = avﬂthUS‘<X,X>:‘<‘<X,X>Z‘ <9’ and‘(y, y>:‘<‘<y, y>;‘<|t|2. (Since‘(,)i‘ is

decreasing)
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Therefore |(x, )| <[(x.x): (. y)}| <[sf ] =[x, v):] <t

= 12;(%, y.Js]) < max{p,q}. So, z(x,y.[st])< max{yl*(x, x,|s|2)yl*(y, y,|t|2)}.

(FalP3) For teC, z(xy,t)=z;(x y,t)=1 if Xx=y and VteC—R'. Let teC and

X#Y then ,(x,y,t)= /\{a €(01): ‘(x y>a‘ < \t\}
= /\{a €(0,2): ‘(x y>a‘ < ‘f‘}: w“ (x, y,f)

(FalP4) Forc e C, 4ok, y.t)= e (02):ffexv);[ < i}

= A < Ol vy <1

- A{a € O1):fx )| < %} ks (X’ yIt?lj

(FalP5) 4 (x,x,t)=1,vteC—-R" (by definition)

(FalP6) 2 (x,x,t)=0,vt>0
N (0:2):[(xx);| < tj=0
< (x,x) =0,Vae(01)
< x=0
(FalP7) 5 (x,xt)= Atz e 0):|(xx);| < i)
— Al e OL): [ <t} vt>0
= Al (02): ], <+t

Consider if, t <t, &\t <\,
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el <t et e 02X <4t |
<tz Al < 0] <t

X

= /\{a € (0,1):|

X

< 4 ()2 g (xxt,)
Since 4 (x,x,.):R* —[01] is decreasing function of Rand [Lrgy*(x,x,t):o. Thus, is a

fuzzy anti inner product on X . o

Definition 3.1: Let (X ,u*) is a fuzzy anti inner product space satisfying (FalP8) then X is

said to be level complete if foranya € (0,1), every Cauchy sequence converges in X with

respect to the ¢ -norm, H Ha generated by the fuzzy anti norm N* which is induced by

fuzzy anti inner product ,u* :

Theorem 3.3 : Let (X ,y*) is a fuzzy anti inner product space satisfying (FalP8), (FalP9)

and M (= ¢) be a convex subset of X which is level complete. Let X € X then for each

ac(01),3 a unique y‘eM  such that mgi):inf{mga)}, where
0
yeM

mgi) —inf {t eR": N*(yg‘,t)< a} , N™ being the fuzzy anti norm induced by the FalP ,u* .

Proof: Let for each «e(01) andy e M, thenm{ = inf {t eR :N*(y,t)< a}: Iyl
whereH Ha is the & -norm induced from the fuzzy anti norm N ™ which is obtained from the

fuzzy anti inner product ,u*. By (2) of theorem 2.1, (X()a) is an inner product space for
each  €(01) asM is level complete and convex. So for each « (0,1), M is a convex
complete subset of (X()a) Hence by minimizing vector theorem in crisp inner product

space we get the result. O

Definition 3.2: Let ae(01)and(X,x) be a fuzzy anti inner product space satisfying

(FalP8), (FalP9). If x,y e X be such that <X, y)a =0, then we say that X, yare o -fuzzy

orthogonal to each other and it is denoted by X L, Y. LetM be a subset of X andx € X . If
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<x,y>a =0,vyeMthen we say thatX is «-fuzzy orthogonal toM and is denoted by

XL M.

Definition 3.3 : Let (X ,,u*) be a fuzzy anti inner product space satisfying (FalP8), (FalP9). If

x,y € X be such that (x,y) =0, then we say that X, y are fuzzy orthogonal to each other
and it is denoted by X L, Y.
Thus X LY ifandonlyif XL, ¥,V e(01).

Theorem 3.4: Let (X,y*) be a fuzzy anti inner product space satisfying (FalP8), (FalP9)

such that y*(x, x,o) is strictly decreasing and lower semi continuous for any x € X . Then for

x,y e X ,XLY ifand only if ,u*(X+ Y, X+ y,tz):,u*(x— Y, X — y,tz)
and ,u*(x+iy,x+iy,tz)z,u*(x—iy,x—iy,tz),t>0.

Proof: LetX L Y then (x,y) =X, +iY,=0, a<(01)

whete X, =7 (x-+yI? ~[x- vt Jand v, =2 (jxiv ~|x-iff)  @e(0d)
Now, [x+y| —[x-y| =0,Vae(01) e (1)
and |x+ iy||i —[x— iy||Z =0,Vae(01) e (2)
from (1) we get |x + y||i =|x- y||z \Vae(01) ....(3)

—inf{t>0:N"(x+yt)<a}=inf{s>0:N*(x-y,s)<a}, Va (01)
=inf{t>0: 4 (x+y,x+y,t?)<a}=inf{s>0: u'(x—y,x—y,5%)<af, Vae(02)
Now if possible let, ,u*(x+ Y, X+ y,sz);t ,u*(x—y,x—y,sz), for somes > 0 .

Let us assume thaty*(x+ Y, X+ y,52)< y*(x—y,x—y,sz) and Iety*(x— Y, X— y,32)=a0
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Then by our assumption that 1" (x,x,0) is strictly decreasing and lower semi continuous for

all xe X, we get

infit>0: 4 (x+y,x+y,t?)<a,}>infir>0: 4 (x—y,x-y,r*)<a,}

=[xy, >[x-y

:0 which is contradiction of (3).
So, y*(x+ Y, X+ y,t2)= ,u*(x— Y, X— y,tz), vt>0
Similarly we can prove that y*(x+iy,x+iy,t2): y*(x—iy,x—iy,tz),Vt >0. O

Theorem 3.5: Let (X : ,u*) be a fuzzy anti inner product space satisfying (FalP8), (FalP9). If

1 (x,x,) is strictly decreasing and continuous for all x € X then X L, Y iff
{(x+y, x+ y,t2) < a iff g'(x—y,x—y,t?) <, vt >0} and
{y*(x +iy, X+ iy,t2)< a iff y*(x —iy,x— iy,t2)< a,vt > 0}.

Proof: LetX L, ¥ then (x,y) =X, +i¥, =0, a<(01)

= X,=0
2 2
= [x+y[, —[x-y[, =0 (D)
andY, =0
=[x+ iy||z —||x—iy||i =0 e ()

Now from (1) we have, |x+ vy’ =|x-y|’

So,inf{t > 0: ' (x+y,x+y,t?)<a}=inf{s >0: ' (x—y,x—y,5°)<a} (bytheorem 3.4) , s0

y*(x+ Y, X+ y,tz):y*(x—y,x—y,sz). O

Definition 3.4: Let(X ,,u*) be a fuzzy anti inner product space. X is said to be a fuzzy anti

Hilbert space , if it is level complete.

Page | 77 Copyright @ 2020 Authors



Juni Khyat ISSN: 2278-4632
(UGC Care Group I Listed Journal) Vol-10 Issue-7 No. 16 July 2020

Definition 3.5: Let(X,N") be a fuzzy anti normed linear space. A subset F is said to be

level fuzzy closed (I-fuzzy closed) if for eacha €(0,1) and

for any sequence {X,} inFandxe X , (!i_mN*(xn —xt)<a,Vt >0): xeF.

Proposition 3.1: Let(X,N*) be a fuzzy anti normed linear space satisfying the following

condition, (N*(x,t)<L,Vt>0)=x=0 and F < X. ThenFis I-fuzzy closed iff Fis

closed with respectto | | foreachax € (021).

Definition 3.6: Let N*(x,t) be a fuzzy anti normed linear space assume further that for all
t>0, N'(x,t)<1=>x=0 then x| = inf{t >ON"(xt)<a,ae (0,1)} is a decreasing family
of norms on X . Also if F < X then Fis I-fuzzy closed iff Fis closed with respect to

| ]..Vae(01).

Definition 3.7: Let H be a fuzzy anti Hilbert space and let Y be I- fuzzy closed subspace of

H . Then its a —fuzzy orthogonal complement is defined as

Yt :{z € H|Z IS « -fuzzy orthogonal toY } {z € H|<Z, y)a =0,yeY }

Theorem 3.6 (Projection Theorem): LetY be any I-fuzzy closed subspace of a fuzzy anti

Hilbert space H thenH =Y ®Y = .

Proof: AsH is a fuzzy anti Hilbert space. So for each Va €(0,1), H is level complete with
respect to|| . As Y be any I- fuzzy closed soY is closed with respect to | ,Va <(01).
Thus for eachVa e (0,1),Y is closed subspace of a fuzzy anti Hilbert space (H < >a) So for

eachVa €(0,1), H can be expressed asH =Y @Y ** .
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