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Abstract: The main theme of this paper is some of the concepts on “congruence 

ternary Gamma semirings”,“quasi commutative ternary ternary semirings”,“weakly 

commutative ternary semirings”. On the other hand using the “permutable” property some 

results are obtained.This paper also contains some results on “weakly commutative ternary 

gamma semirings”. One of the properties like “permutable”, “seaparative” etc. has taken over  

a “weakly commutative ternary gamma semiring”. 

1. Introduction 

Pondelicek[1] was first introduced the concept of “congruencies on semigroups”.The 

study of “separating semigroups” begin with the famous Howitt[4] and Zuclevaman[4.  In [9] D. M. Rao, et 

al introduced the notion of “Ternary Gamma semiring” in 2015. The main theme of this paper 

was to classify the “congruence’s” on “ternary gamma semi rings” and to study the important 

properties of “congruence’s” on “ternary gamma semi rings”. 

2. Preliminaries 

Let T and    be “two non-empty sets” then T is said to be a “ternary  -semiring” if ∃a 

mapping from T T T   to T maps 1 2 3 1 2 3( , , , , ) [ ]t t t t t t    satisfying the condition 

that(T, +) is a “commutative semigroup”, (T,   , [ ]) is a “ternary  -semigroup”,and “ternary 

multiplication” distributes over addition from three sides. 

A “ternary Γ-semiring” T is a “commutative ternary Γ-semiring” if 

a b c = b c a = c a b = b a c = c b a = a c b ∀a,b,c  T and  ,  ∈ Γ.   In the set 

notation one can define “commutative ternary Γ-semiring” asaΓbΓc = bΓcΓa = cΓaΓb = 

bΓaΓc = cΓbΓa = aΓcΓb∀a, b, c∈T. 

A “ternary Γ-semiring” T is known as “multiplicatively left(lateral, right) cancellative” 

[MLC(MMC, MRC)] if aΓbΓx = aΓbΓy(aΓxΓb = aΓyΓb, xΓaΓb = yΓaΓb) implies that x = y 

for all a, b, x, y∈ T.  If T is MLC, MRC and MMC, then T is known as “cancellative”. 

Theorem 2.1: A “ternary  -semiring” T is “multiplicatively cancellative” (MC) if any 

one of the following conditions holds : 

(i) T is “multiplicatively left and right cancellative” 

(ii) T is “multiplicatively laterally cancellative” 

(in) For any u∈T, the “equation” u x u = u y u implies that x = y. 
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If “ternary Γ-semiring T” is said to be “quasi commutative ternary Γ-semiring” provided 

for each a, b, c∈ T and  ∈ Γ, there exists a odd natural number n such that 

a b c = ( )nb aγc = b c a = ( )nc b a = c a b = ( )na c b.  In the set notation we can define 

as for each a, b, c∈T , there exists a “odd natural number n” such that, aΓbΓc = ( )nb aΓc = 

bΓcΓa = ( )nc bΓa = cΓaΓb = ( )na cΓb. 

The set of all “natural numbers” under usual “addition and ternary multiplication” is a 

“quasi-commutative ternary Γ-semiring”. 

3. Structure of “Separative Ternary  -Semiring” 

Definition 3.1:A “ternary Γ-semiring” (T, Γ, +, [ ]) is known as“separative” if (xΓ)
2
x= xΓxΓy, 

(yΓ)
2
y= yΓyΓx=>x = yand (xΓ)

2
x= yΓyΓx, (yΓ)

2
y= xΓxΓy=>x = y∀x, y in T. 

Theorem3.2:Let(T, Γ, +, [ ]) bea“commutativeternary Γ-semiring”.Definearelation  on a 

“ternary Γ-semiring” T by x y=>xΓ(yΓ)
n-1

y= (yΓ)
n
y, yΓ(xΓ)

n-1
x= (xΓ)

n
x, for any even +ve 

integer n andfor any x, yT, then   is a “separative congruence” on T. 

Proof:SincexΓ(xΓ)
n-1

x= (xΓ)
n
x= (xΓ)

n-1
xΓx∀xin T=>x x.   is reflexive.  

Let x yfor some x, yinT⟹xΓ(yΓ)
n-1

y= (yΓ)
n
y,yΓ(xΓ)

n-1
x= (xΓ)

n
x. 

Replacexbyy,ybyxwehaveyΓ(xΓ)
n-1

x= (xΓ)
n
x,xΓ(yΓ)

n-1
y= (yΓ)

n
y 

=>y x.   is symmetric.  

Suppose, x y,y z⟹xΓ(yΓ)
n-1

y= (yΓ)
n
y,yΓ(xΓ)

n-1
x= (xΓ)

n
x⟶(1)  

also yΓ(zΓ)
n-1

z= (zΓ)
n
z,zΓ(yΓ)

n-1
y= (yΓ)

n
y⟶ (2).  

From(2),(yΓ)
m-1

yΓ(zΓ)
n-1

z= (zΓ)
(m+n)-1

zforanyoddpositiveinteger‘m’. 

⟹xΓ(yΓ)
n-1

yΓ(zΓ)
m-1

z=(yΓ)
n
y Γ(zΓ)

m-1
z= (zΓ)

m+n
z=>xΓ((zΓ)

(m+n)-1
z) = (zΓ)

m+n
z.  

Similarly zΓ((xΓ)
(m+n)-1

x) = (xΓ)
m+n

x from (1) =>x z.   istransitive. 

∴  is“equivalencerelation”. 

Nowletx y, z ∈ T.  Since   is reflexive=>z z.   

∴ x y and z z⟹ (x + z)ρ(y + z) and x y⟹xΓ(yΓ)
n-1

y= (yΓ)
n
y,yΓ(xΓ)

n-1
x= (xΓ)

n
x. 

To prove that (xΓuΓz)  (yΓuΓz), (uΓxΓz)  (uΓyΓz)& (uΓzΓx)  (uΓzΓy).  

Consider (xΓuΓz)Γ(yΓuΓzΓ)n-1(yΓuΓz)= (xΓuΓz)Γ(yΓ)n-1yΓ(uΓ)
n-1

uΓ(zΓ)
n-1

z 

=(uΓz)Γ(xΓ(yΓ)n-1y)Γ(uΓ)
n-1

uΓ(zΓ)
n-1

z  

= (uΓz)Γ(yΓ)ny)Γ(uΓ)
n-1

uΓ(zΓ)
n-1

z  

                                             = (yΓ)ny)Γ(uΓ(uΓ)
n-1

u)Γ(zΓ(zΓ)
n-1

z ) 

                                              = (yΓ)ny)Γ(uΓ)
n
u)Γ(zΓ)

n
z )= (yΓuΓzΓ)n(yΓuΓz). 

                                                    ⟹ (xΓuΓz)  (yΓuΓz). 
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Similarly,we can show that (uΓxΓz)  (uΓyΓz)& (uΓzΓx)  (uΓzΓy) 

=>  is “congruenceonT”.  

Let, (xΓ)
2
xρ(xΓxΓy)ρ(yΓyΓx)ρ(yΓ)

2
yforanyx,yinT.  

It follows that(xΓxΓy)ρ(yΓ)
2
y=>(xΓxΓy)((yΓ)

2
yΓ)

n-1
(yΓ)

2
y= (yΓ)

2
yΓ)

n
(yΓ)

2
y.  

for even n∈ N.  Since   is congruence wehave(yΓyΓx)ρ(yΓ)
2
y 

=>(yΓyΓxΓxΓx)ρ((yΓ)
3
xΓx) (yΓyΓxΓyΓy)ρ((xΓxΓy)ΓyΓy) ((xΓ)

2
xΓyΓy) (xΓx

Γ(xΓxΓy))ρ(xΓxΓ(xΓ)2x (xΓ)
4
x. 

Therefore,(yΓyΓxΓxΓx)ρ(xΓ)
4
x=>(yΓyΓxΓxΓx)Γ(xΓ)

4
x)

n-1
(xΓ)

4
x 

=(xΓ)
4
xΓ)

n
(xΓ)

4
xfor even n ∈N 

⟹(yΓyΓ(xΓ)
4
xΓ)

n
xΓxΓx= (xΓ)

4
xΓ)

n
(xΓ)

4
x.  

∴yΓ(xΓ)n-1x= (xΓ)
n
x.   

Similarly we prove that xΓ(yΓ)n-1y= (yΓ)
n
y =>x y.  

  is “separative congruence on T". 

Definition 3.3: A “ternary Γ-semiring” (T, Γ, +, [ ]) is known as“weakly commutative” if for 

anyx,y, zin ‘T’ we have (xΓyΓz)
k-1

(xΓyΓz)= xΓaΓb =aΓxΓb = aΓbΓx = aΓyΓb =yΓaΓb =aΓbΓy 

= aΓbΓz = aΓzΓb = zΓaΓbfor some a,bin ‘T’and a odd positive integer k. 

Theorem3.4:Let (T, Γ, +, [ ]) bea“weaklycommutativepermutableternary Γ-

semiring”.Define a relation  as in the above theorem then   is “separative congruence on 

T”. 

Proof:GiventhatTis “weaklycommutative”.Thenforanyx,y,zand for some a, b inTandk isa“odd 

positiveinteger,”(xΓyΓz)
k-1

(xΓyΓz)= xΓaΓb =aΓbΓx = bΓxΓa = aΓxΓb = bΓaΓx = xΓbΓa 
=aΓyΓb =yΓbΓa =bΓaΓy=yΓaΓb = bΓyΓa =aΓbΓy = aΓbΓz = bΓzΓa = zΓaΓb = bΓaΓz = 

zΓbΓa = aΓzΓb.Toprovethat  is “separativecongruenceonT”. Since by theorem 3.2,   is 

equivalence relation.  

Now we prove that   is “congruence”,  letx y, z ∈ T.  Since   is reflexive=>z z.   

∴ x y and z z⟹ (x + z)ρ(y + z) andx  y=>xΓ(yΓ)
n-1

y= (yΓ)
n
y,yΓ(xΓ)

n-1
x= (xΓ)

n
x. 

To prove that (xΓaΓb)  (yΓaΓb), (aΓxΓb)  (aΓyΓb)& (aΓbΓx)  (aΓbΓy).  

Let Consider (xΓaΓb)Γ(yΓaΓbΓ)n-1(yΓaΓb) 

= (yΓaΓb)Γ(yΓaΓbΓ)n-1(yΓaΓb) = (yΓaΓbΓ)n(yΓaΓb). 

Similarly,  we can show that (uΓxΓz)  (uΓyΓz)& (uΓzΓx)  (uΓzΓy)=>  is “congruenceon T”. 

Let, (xΓ)
2
xρ(xΓxΓy)ρ(yΓyΓx)ρ(yΓ)

2
yforanyx, y inT.  

It follows that(xΓxΓy)ρ(yΓ)
2
y=>(xΓxΓy)((yΓ)

2
yΓ)

n-1
(yΓ)

2
y= (yΓ)

2
yΓ)

n
(yΓ)

2
yfor even n∈ N.  

Since   is congruence wehave(yΓyΓx)ρ(yΓ)
2
y 
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=>(yΓyΓxΓxΓx)ρ((yΓ)
3
xΓx) (yΓyΓxΓyΓy)ρ((xΓxΓy)ΓyΓy) ((xΓ)

2
xΓyΓy) (xΓx   

                   Γ(xΓxΓy))ρ(xΓxΓ(xΓ)2x (xΓ)
4
x. 

Therefore,(yΓyΓxΓxΓx)ρ(xΓ)
4
x =>(yΓyΓxΓxΓx)Γ(xΓ)

4
x)

n-1
(xΓ)

4
x =  

(xΓ)
4
xΓ)

n
(xΓ)

4
xfor even n ∈N ⟹(yΓyΓ(xΓ)

4
xΓ)

n
xΓxΓx= (xΓ)

4
xΓ)

n
(xΓ)

4
x. 

∴yΓ(xΓ)n-1x= (xΓ)
n
x.   

Similarly we prove that xΓ(yΓ)n-1y= (yΓ)
n
y =>x y.  

  is “separative congruence on T". 

Theorem3.5:Let (T, Γ, +, [ ]) bea “quasi-commutative ternary Γ-semiring”  then T /  isa 

“maximal separative homomorphic image ofT”. 

Proof:  Suppose be  an  “arbitrary separative  congruence  ”on  a  “quasi  commutative 
ternary Γ-semiring”. 

we first prove that, let x,y  in Tif xΓ(yΓ)
n-1

y (yΓ)
n
y, yΓ(xΓ)

n-1
x (xΓ)

n
xfor a “even positive 

integer”  n then x  y, for n = 1, xΓy yΓy, yΓx xΓxthen x y.  

Assume that the results holds for n   1, xΓ(yΓ)
n
y (yΓ)n+1y, yΓ(xΓ)

n
x (xΓ)

n+1
x.  

Now [xΓ(yΓ)
n-1

y]Γ[xΓ(yΓ)
n-1

y]Ψ((yΓ)
n
y)Γ((yΓ)

n
y) ⟹ xΓ(yΓ)

n-1
yΨ(yΓ)

n
y. 

Similarly,  weproveyΓ(xΓ)
n-1

xΨ(xΓ)
n
x.  By  induction  x y. 

Since  Λ  is “congruence relation” on T.   

We have xΛy=>xΓ(yΓ)
n-1

y= (yΓ)
n
y, yΓ(xΓ)

n-1
x = (xΓ)

n
xfor a “even positive integer n” 

=>xΓ(yΓ)
n
y (yΓ)n+1y, yΓ(xΓ)

n
x (xΓ)

n+1
x=>x y =>   . By “homomorphic” theorem it 

is easy to see that T /  is a “maximal homomorphic image ofT”. 

Theorem 3.6: If (T, Γ, +, [ ]) be a “ternary Γ-semiring” and let ‘ ’ be any “congruence 

relationon T” then   is a “maximal separative congruence T”. 

Proof: Let   be an “arbitrary separative congruence” on a “ternary Γ-semiring”.   

we first prove the following Lemma. Let x,yin Tif xΓ(yΓ)n-1y (yΓ)
n
y, yΓ(xΓ)n-1x (xΓ)

n
xfor a 

even positive integernthenx y forn=2,xΓyΓy (yΓ)
2
y,yΓxΓx Ψ (xΓ)

2
xthenx y. 

Assumethattheresultsholds for odd n≥ 1,xΓ(yΓ)
n
y Ψ(yΓ)

n+1
y,yΓ(xΓ)

n
x Ψ(xΓ)

n+1
x. 

Now (xΓ(yΓ)
n-1

y)Γ(xΓ(yΓ)
n-1

y) (yΓ)
2n+1

y=> xΓ(yΓ)n-1y (yΓ)
n
y.  

Similarly we prove yΓ(xΓ)n-1x (xΓ)
n
x. By induction  x y.  

Let ρ be an “arbitrary separative congruence” on a “ternary Γ-semiring”.   

If x y=> xΓ(yΓ)n-1y (yΓ)
n
y, yΓ(xΓ)n-1x (xΓ)

n
xfor a even positive integer n and so xΓ(yΓ)n-1y

 (yΓ)
n
y, yΓ(xΓ)n-1x (xΓ)

n
xthen x y=>    .   

Hence   is a “maximal separative congruence” onT. 
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Definition 3.7: A “ternary Γ-semiring” (T, Γ, +, [ ]) is known as “ρ-reflexive” if ∀x, y, z ∈ T ∃ 

an odd m∈ N ∋ (xΓyΓz) = (yΓzΓxΓ)
m-1

(yΓzΓx) or (xΓyΓz) = (zΓxΓyΓ)
m-1

(zΓxΓy). 

Definition 3.8: A “ternary Γ-semiring” (T, Γ, +, [ ]) is said to be “permutable” if for every x, 

y, z in T, xΓyΓz = xΓzΓy = yΓxΓz. 

Theorem 3.9: Let (T, Γ, +, [ ]) is “  -reflexive”, “separative” and “permutable ternary Γ-

semiring”  then (T, Γ, +, [ ]) is “cancellative”. 

Proof: Given that (T, Γ, +, [ ]) is  -reflexive, 

for every x, a, bin T, xΓaΓb= (aΓbΓxΓ)
m-1

(aΓbΓx) and yΓaΓb=(aΓbΓyΓ)
n-1

(aΓbΓy) forsome 

odd positiveintegerm,n.AlsoTis “permutable”,“separative”. 

To prove that T is “cancellative” that is xΓaΓb= yΓaΓb=>x = y.  

Let xΓaΓb = yΓaΓb. 

Consider,xΓaΓb= (aΓbΓxΓ)
m-1

(aΓbΓx)= (aΓ)
m-1

aΓ(bΓ)
m-1

bΓ(xΓ)
m-1

x 

=> (xΓ)
m-1

x = xΓ(aΓ)
1-m

(bΓ)
-m

b 

and yΓaΓb =(aΓbΓyΓ)
n-1

(aΓbΓy)= aΓ)
m-1

aΓ(bΓ)
m-1

bΓ(yΓ)
m-1

y 

=>(yΓ)
m-1

y= yΓ(aΓ)
1-m

(bΓ)
-m

b 

Consider (xΓ)
m

x = (xΓ)
m-1

xΓx = xΓ(aΓ)
1-m

(bΓ)
-m

bΓx 

 = xΓ(aΓ)
1-m

(bΓ)
1-m

x= (xΓa)Γ(aΓ)-mΓ(bΓ)
1-m

x 

 = (xΓaΓb)Γ(aΓ)-mΓ(bΓ)
-mΓx= (yΓaΓb)Γ(aΓ)-mΓ(bΓ)

-mΓx 

    = (yΓa)Γ(aΓ)-mΓ(bΓ)
1-m

x= yΓ(aΓ)
1-m

(bΓ)
1-m

x 

    = yΓ(aΓ)
1-m

(bΓ)
-m

bΓx= (yΓ)
m-1

yΓx = (yΓ)
m

x 

Now for odd m >1 (xΓ)
2m-2

xΓy = (xΓ)
m-2

(xΓ)
m+1

y = (xΓ)
m-2

(xΓ)
m

yΓy = (xΓ)
2m-2

yΓy 

= (xΓ)
m-1

yΓ(xΓ)
m-1

yΓ(xΓ)
2m-2

xΓy = (xΓ)
m-1

(xΓ)
mΓy 

= (xΓ)
m-1

(xΓ)
m

x = (xΓ)
m-1

xΓ(xΓ)
m-1

x. 

⟹(xΓ)
m-1

yΓ(xΓ)
m-1

y = (xΓ)
m-1

xΓ(xΓ)
m-1

x 

⟹(xΓ)
m-1

y = (xΓ)
m-1

x. 

For m = 3, (xΓ)
2
x= xΓxΓy. Similarly we prove that (yΓ)

2
y= yΓyΓx 

=>(xΓ)
2
x= xΓxΓy= yΓyΓx = (yΓ)

2
y=>x = y. Therefore (T, Γ, +, [ ])is cancellative. 

Theorem 3.10:Let (T, Γ, +, [ ])  is  -reflexive and permutable “ternary Γ-semiring”  then 

(T, Γ, +, [ ]) is cancellative. 

Proof: Similar to theorem 3.9. 
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4. “Idempotent Pair” in “Ternary  -Semirings” 

Definition 4.1: A pair (u, v) of “elements” in a “ternary Γ-semiring” T is known as an 

“idempotent pair” if uΓvΓ(uΓvΓx) = uΓvΓx and (xΓuΓv)ΓuΓv = xΓuΓv∀x∈T. 

Definition4.2:A pair (u, v) of “elements” in a “ternary Γ-semiring” T is known as a “natural 

idempotent pair” if uΓvΓu = u and vΓuΓv = v. 

Definition4.3: “Two idempotent pairs” (u, v) and (w, z) of T are said to be “commute”if 

uΓvΓ(wΓzΓx) = wΓzΓ(uΓvΓx) and (xΓuΓv)ΓwΓz= (xΓwΓz)ΓuΓv ∀ x∈T. 

Definition4.4:“Two idempotent pairs”(u, v) and (w, z) of T are said to be “equivalent” if uΓvΓx 

= wΓzΓx and xΓuΓv =xΓwΓz∀ x∈T.  In notion we write as (u,v) ~ (w, z). 

Clearly, the relation defined above is an equivalence relation. The equivalence class 

containing the idempotent pair (u, v) is denoted by  ,u v . E(T) denote the set of all 

“equivalence classes” of“idempotent pairs” in T. 

Theorem 4.5: Every “idempotent pair” (u,v) in T is “equivalent” to a “natural idempotent 

pair” (w, z) in T. 

Proof : Suppose w = uΓvΓu and z = vΓuΓv.  

Then wΓzΓw = (uΓvΓu)Γ(vΓuΓv)Γ(uΓvΓu) = uΓvΓu = w and  

zΓwΓz = (vΓuΓv)Γ(uΓvΓu)Γ(vΓuΓv) = vΓuΓv = z, since (u,v) is an “idempotent pair” in T. 

Again,wΓzΓx = (uΓvΓu)Γ(vΓuΓv)Γx = uΓvΓ(uΓvΓu)ΓvΓx = uΓvΓ(uΓvΓx)= uΓvΓx and  

xΓwΓz = xΓ(uΓvΓu)Γ(vΓuΓv) =xΓuΓ(vΓuΓv)ΓuΓv = (xΓuΓv)ΓuΓv = xΓuΓv.  

Now assume that T is a “ternary Γ-semiring” in which all the “idempotent pairs 

commute” mutually. If (u, v) and (w, z) are “two idempotent pairs” in T, then (uΓvΓw, z) is also 

an “idempotent pair” in T, because  

(uΓvΓwΓz)Γ(uΓvΓwΓzΓx) = (uΓvΓwΓz)Γ(wΓzΓuΓvΓx)  

= uΓvΓ(wΓzΓuΓvΓx)  

= uΓvΓ (uΓvΓwΓzΓx) = uΓvΓwΓzΓx∀ x∈T and  

(xΓuΓvΓwΓz)Γ(uΓvΓwΓz) = (xΓwΓzΓuΓv)(uΓvΓwΓz)  

= (xΓwΓzΓuΓv)ΓwΓz 

= (xΓuΓvΓwΓz)ΓwΓz = xΓuΓvΓwΓz∀ x∈T.  

Similarly, we can show that (u, vΓwΓz) is also an “idempotent pair” in T.  

Moreover, (uΓvΓw, z) ~ (u, vΓwΓz). 

Definition4.6: A “commutative idempotent Γ-semigroup” is called a “semi-lattice”. 

Theorem 4.7: Let T be a “ternary Γ-semiring” in which all the “idempotent pairs” 

“commute mutually”. Then E(T) is a “semi-lattice” under the (binary) product defined by 

(u, v).(w, z) = (uΓvΓw, z). 

Proof:In E(T), we show that the above definition of product is well-defined.  Suppose that  

 ,u v =  ,u v  and    , ,w z w z  in E(S). Then uΓvΓx = u v x   , xΓuΓv = x u v    and 
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wΓzΓx= w z x   , xΓwΓz= x w z    for all x∋T. Hence (uΓvΓw)Γzx = ( )u v w z x      = 

( )u v w z x     = ( )u v w z x       ⟹(uΓvΓw)ΓzΓx= ( )u v w z x        and similarly, 

xΓ(uΓvΓw)Γz= ( )x u v w z       ∀x∈ T, hence, (uΓvΓw,z) ~  ,u v w z     i.e. (uΓvΓw,z) =

 ,u v w z     . Thus the product in E(T) is “well-defined”. Clearly, the “associative property 

holds” in E(T). Hence E(T) is a “Γ-semigroup”. Since by “hypothesis”, the “idempotent pairs” 

in T“commute”, E(T) is “commutative”. Further,        , . , , ,u v u v u v u v u v    , since 

   , ,u v u v u v  : . This shows that every “element” of E(T) is “idempotent”. Thus E(T) is a 

“semi-lattice”. 

Remark 4.8:The “ssociated partial ordering” in the “semi-lattice” E(T) is given by  

(u,v) <(w,z) if (u, v).(w,z) = (u,z) and is called the “natural partial ordering” of E(T). 

Theorem 4.9: Let T be a “multiplicatively cancellative (MC) ternary  -semiring”.  Then 

the “idempotent pairs” of “elements” of T (if they exist) are all “equivalent”. 

Proof: Let (u, v) be an “idempotent pair” in a “MC ternary Γ-semiring T”. ThenuΓvΓ(uΓvΓx) = 

uΓvΓxthat uΓvΓx= x∀x∈T, by “MLC”.Hence, for any “two idempotent pairs” (u, v) and (w, z), 

we have uΓvΓx= x= wΓzΓx∀x ∈ T. Similarly, xΓuΓv= x = xΓwΓz∀x ∈ T. Consequently, (u, v) ~ 

(w, z). 
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