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Abstract: The main theme of this paper is some of the concepts on “congruence
ternary Gamma semirings”,“quasi commutative ternary ternary semirings”,“weakly
commutative ternary semirings”. On the other hand using the “permutable” property some
results are obtained.This paper also contains some results on “weakly commutative ternary
gamma semirings”. One of the properties like “permutable”, “seaparative” etc. has taken over
a “weakly commutative ternary gamma semiring”.

1. Introduction

Pondelicek[1] was first introduced the concept of “congruencies on semigroups”.The
study of “separating semigroups” begin with the famous Howitt[4] and Zuclevaman[4. In [9] D. M. Rao, et
al introduced the notion of “Ternary Gamma semiring” in 2015. The main theme of this paper

was to classify the “congruence’s” on “ternary gamma semi rings” and to study the important
properties of “‘congruence’s” on “ternary gamma semi rings”.

2. Preliminaries

Let T and I' be “two non-empty sets” then T is said to be a “ternary I" -semiring” if Ja
mapping from TxI'xT xI'xT to T maps (t, z,t,,4,t,) — [t yt,¢t.] satisfying the condition

that(T, +) is a “commutative semigroup”, (T, " , []) is a “ternary I" -semigroup”,and “ternary
multiplication” distributes over addition from three sides.

A “ternary T'-semiring” T iS a “commutative ternary I-semiring” if
aabpt = bacfa = caafb = baast = cabpa = aacsb Vab,ce T and «, € I In the set
notation one can define “commutative ternary I'-semiring” asal’bI'c = bI'cl'a = clal'b =
bI'al'c = cI'bl'a = al'cl'bva, b, ceT.

A “ternary I'-semiring” T is known as “multiplicatively left(lateral, right) cancellative”
[MLC(MMC, MRC)] if al'bI'x = al'bl'y(al'xI'b = al'y['b, xI"al'b = yI'al'b) implies that x =y
forall a, b, x,ye T. If T is MLC, MRC and MMC, then T is known as “cancellative”.

Theorem 2.1: A “ternary I'-semiring” T is “multiplicatively cancellative” (MC) if any
one of the following conditions holds :

(i) T is “multiplicatively left and right cancellative”

(i) T is “multiplicatively laterally cancellative”

(in) For any Uu€T, the “equation” uI'xI'u = ul'yl'u implies that x = y.
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If “ternary I"-semiring T” is said to be “quasi commutative ternary I'-semiring” provided
for each a, b, ce T and p€ I, there exists a odd natural number n such that

aybyc = (by)"ayc =bpcya= (cy)"bypa=cpapb =(ay)"cyb. In the set notation we can define
as for each a, b, ceT , there exists a “odd natural number n” such that, al’bI'c = (bI")"al'c =
bI'cl'a = (cI')"bl'a=clal'b =(al')"cl'b.

The set of all “natural numbers” under usual “addition and ternary multiplication” is a
“quasi-commutative ternary I'-semiring”.

3. Structure of “Separative Ternary I'-Semiring”

Definition 3.1:A “ternary -semiring” (T, T, +, [ ]) is known as“separative” if (xI')’x= xI'xT'y,
(yI)?y= yI'yI'x=>x = yand (XI')*= yI'yI'x, (yI)?y= XDXTy=>X = yVx, y in T.

Theorem3.2:Let(T, I', +, [ ]) bea“commutativeternary I'-semiring”.Definearelation pon a
“ternary I'-semiring” T by xgy=>xI'(yI)"'y= (yI)"y, yI'(xI)"*x= (xI')"x, for any even +ve
integer n andfor any x, y€ T, then p is a “separative congruence” on T.

Proof:SincexI'(XI)"'x= (xI')"x= (XD)"™'XI'xvxin T=>xox. p is reflexive.
Let xgyfor some x, yinT=xI(yD)"y= (yI)"y,y[(xI)"*x= (xI)"x.
Replacexbyy,ybyxwehaveyl'(xI)"*x= (xI)"x,xI'(yI)"y= (yI)"y
=>ypoX. p IS symmetric.
Suppose, xay,yoz=>xC(yD)"y= (yI)"y,y[(xI)"x= (XI)"x—(1)
also yI'(zD)"z= (z2I')"z,z2L(yD)™y= (yI)y— (2).
From(2),(yD)™YyI'(z)"z= (zI')™" " zforanyoddpositiveintegerm’.
=X (D)"Y @D ™ z=(yI)"y [0 ™ 2= (20)™"z=>xT((20) ™V 2) = (2I)™"z.
Similarly zD(xI)™"x) = (xI)™"x from (1) =>xzz. p istransitive.
= pis‘equivalencerelation”.
Nowletxpy, z € T. Since p is reflexive=>zpz.
= xpy and zgz=> (x + 2)p(y + ) and X y=xT (YD) y= (yI)"y,y[(XT)"x= (XI)"x.
To prove that (x['ul'z) p (yI'ul'z), (ul'xI'z) p (UT'Y['Z)& (ul'z'X) p (UlzTy).
Consider (XTurz)[(yTul'zM)N-L(yrurz)= (xTurz)r (r)»-1yrur)™ ur(zr)™*z
=(ul'z)[(xT(yD)»1y)(ul)™ ur(zr)™'z
= (ul'z)C (yD)ry)r ()™ urzn)™'z
= (yD)»y)L(urur)™u)r@ren™z)
= (y[)ny)I'(ul)"u)I(zl)"z )= (yrul'zl)N(yrulz).
= (X['ul'z) p (yI'ul'z).
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Similarly,we can show that (UI'xI'z) p (UI'yI'Z)& (UI'zI'X) p (UT'ZT'Y)
=> pis “congruenceonT”.
Let, (XI')*p (XIXI'y)p (yT'YIX)p(yI)?yforanyx,yinT.
It follows that(XTXI'y)p(yI')’y=>(XIXIy)(yD)*yT)"(yI)’y=" (yI)*yT)"(yI)%y.
for even ne N. Since p is congruence wehave (yI'yIx)p(yI')%y

=>(yTYIXIXIX)p (YD) *XTX) AyTYTXTYTY)p (XTXTY)TYTY) o (XD)*XTYTy) p (XX
T(XTXTY))p(XTXT (X)) 2XAXT) .

Therefore, (yT'yIXIXI'X)p(XI)*x=>(yLyIXIXIX)C(XT) )" (xT) *x
=(xI")*xI")"(xI")*xfor even n €N
= (YT (XT)*XT)"™XIXIx= (XI)*xI)"(xI)*x.
~yT(XI)r-1x= (xT)"x.
Similarly we prove that xI'(yI)n-ly= (yI')"y =>x .
p IS “separative congruence on T".

Definition 3.3: A “ternary I'-semiring” (T, ', +, [ ]) is known as“weakly commutative” if for
anyx.y, zin ‘7" we have (x['yI'z)“}(x['yI'z)= xT'al'b =aI'x'b = aI'bI'x = al'y['b =yI'al’b =al'bl'y
=al'bl'z = al'z'b = z["al'bfor some a,bin ‘T’and a odd positive integer k.

Theorem3.4:Let (T, I, +, [ ]) bea“weaklycommutativepermutableternary TI'-
semiring”.Define a relation pas in the above theorem then p is “separative congruence on
T

Proof:GiventhatTis “weaklycommutative”. Thenforanyx,y,zand for some a, b inTandk isa“odd
positiveinteger,”(xIyT'z)}(xI'yI'z)= xalb =albl’x = bIx[a = al'x[b = brarx = xI'bra
=al'yI'b =yI'bl'a =bl'al'y=yl'al'b = bl'yI'a =al'bl'y = aI'bl'z = bl'zl'a = z['al'b = bl'al'z =
zI'blla = al'zI'b.Toprovethat p is “separativecongruenceonT”. Since by theorem 3.2, p is
equivalence relation.

Now we prove that p is “congruence”, letxgy, z € T. Since p is reflexive=>z0z.
~ xpy and zpz=> (x + 2)p(y + z) andx p y=>xI'(yI)"y= (yI')"y,yT (xI')" x= (xI")"x.
To prove that (x'al'b) p (yI'al'b), (aI'xI'b) p (al'yI'b)& (al'bI'x) p (al'bTy).

Let Consider (xalb)[(yr'arbr)"-1yrarh)

= (yrarb)r(yrarbr)n-lyrarb) = (yraror)nyrarb).

Similarly, we can show that (ul'xI'z) p (UI'yI'z)& (uI'zl'X) p (ul'z['y)=> pis “congruenceon T”.
Let, (xl")ZXp(xeFy)p(yl“yl“x)p(yl“)zyforanyx, yinT.

It follows that(XI'XIy)p(yI')2y=>(XIXIy)((yD)?yI)"(yD)>y= (yD)AI)"(yI)?yfor even ne N.
Since p is congruence Wehave(yl“yl“x)p(yl“)zy
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=>(yLyIXTXTX)p (YD) *XTX)AYTYLXTYTy)p (XTXTY)TYTY) p (XD)°XTYTy) p (XX
T (XIXLY))p(XTT () 2x o(XT)*X.

Therefore, (yTYTXTXTX)p(XI')*x =>(yTyIXIXIX)T(XT) %)™ (x)*x =

(xT)*xI)"(xI')*xfor even n €N = (yTyL(XT)*xI)"™XIXIx= (XI)*X0)"(XT)*x.

~yT(x)r-1x= (xT)"x.

Similarly we prove that xI'(y[)»-1y= (yI')"y =>x»y.

p IS “separative congruence on T".
Theorem3.5:Let (T, I, +, [ ]) bea “quasi-commutative ternary I'-semiring” then T/ pisa
“maximal separative homomorphic image of T”.

Proof: SupposeW¥be an “arbitrary separative congruence ”on a ‘“quasi commutative
ternary I'-semiring”.

we first prove that, let x,y in Tif x[(y[)"™yw (yI)"y, yI'(xI)™x ¥ (xI')"xfor a “even positive
integer” nthen x Wy, forn =1, xIy ¥ yTly, y[X¥ xI'xthen X ¥'y.

Assume that the results holds for n > 1, xI'(yI')"y ¥ (yI)n+ly, yT(xI')"x ¥ (XI)"'x.
Now [X(yT)"™yIT[XT(yD)™ y] ¥ ((yT)"y)L((OT)"y) = xT (D)™ yw(yr)'y.

Similarly, weproveyl'(xI)"x¥(xI')"x. By induction x¥y.

Since A is “congruence relation” on T.

We have xpAy=>xTI'(y[)"y= (yI)"y, yI'(xI)"*x = (xI')"xfor a “even positive integer n”’

=>XT'(yI)"y ¥ (yI)n+1y, yI'(XD)"X ¥ (X[)"x=>x ¥y => A C i . By “homomorphic” theorem it
is easy to see that T/ p is a “maximal homomorphic image of T ”.

Theorem 3.6: If (T, ', +, [ ]) be a “ternary I'-semiring” and let ‘¥’ be any “congruence
relationon 7” then ¥ is a “maximal separative congruence T”.

Proof: Let ¥ be an “arbitrary separative congruence” on a “ternary I'-semiring”.

we first prove the following Lemma. Let x,yin Tif x['(yI)»-1y ¥ (yI)"y, yI'(x[)»-1x ¥ (XI)"xfor a
even positive integernthenx ¥y forn=2,xI'yI'y¥ (yI)%y,yIXIx g (xT)xthenx ¥'y.
Assumethattheresultsholds for odd n> 1,xI(yI')"y w(yr)™y,yI'(XI)"X @ (xr)™x.

Now (xI'(yD)™'y)L (XL (yT)™'y) ¥ (yT)*""ly=> X (yT)™ 1y ¥ (yT)'y.

Similarly we prove yI'(xI')n1x ¥ (xI')"x. By induction x¥'y.

Let p be an “arbitrary separative congruence” on a “ternary I"-semiring”.

If X gy=> x[(yD)» 1y ¥ (yI')"y, yT(xI)»1x ¥ (xI')"xfor a even positive integer n and so xI'(y[)™1y
 (yI)"y, yL(xD)n1x ¥ (xI')"xthen x¢y=>pc V.

Hence ¥ is a “maximal separative congruence” onT.
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Definition 3.7: A “ternary I'-semiring” (T, T, +, [ ]) is known as “p-reflexive” if ¥x,y,z € T 3
an odd me N 3 (xI'yI'z) = (yIz[xD)™(yI'zlx) or (XTyI'z) = (zIXTyD)™ ™ (zIXTy).

Definition 3.8: A “ternary I'-semiring” (T, I', +, [ ]) is said to be “permutable” if for every x,
y,zinT,x['y['z=xI"zl'y = y['xI'z.

Theorem 3.9: Let (T, I, +, [ ]) is « p -reflexive”, “separative” and “permutable ternary I'-
semiring” then (T, I, +, [ ]) is “cancellative”.

Proof: Given that (T, T, +, [ ]) is p -reflexive,

for every X, a, bin T, xFalb= (aIbI'xI")™*(arbrx) and yrarb=(arbIyr)"*(arbry) forsome
odd positiveintegerm,n.AlsoTis “permutable”,“separative”.

To prove that T is “cancellative” that is xI'al'b= yl'al'b=>x = y.
Let xI'al'b = yrarhb.
Consider,xI'al'b= (aI'bI'xI")™*(albI'x)= (al)™'ar(br)™or(xr)™x
=> (x[)™*x = xI'(@r)*™(obr) ™o
and yrarb =(arblyr)™*(arbrly)= ar)™ ar(r)™bryr)™'y
=>(yI)"™'y=yr(@r)" "(br)™b
Consider (xI)™x = (xI')™*xI'x = xT'(ar)“™ (o) ™bI'x
= xI'(@r)™(br)*™x= (xra)r'(ar)=rr)-mx
= (XT'arb)T(@r) mT'(br)™x= (yTarb)r(ar) mr(br)™x
= (yra)'(ar)™ror)*™x= yr@r)™or)*mx
= yT'(ar)™(br)™orx= (YN)™yIx = (yI)"
Now for odd m >1 (x[)*™?xI'y = (XI')™2(xI")™y = (x[)™2(x[)™yTy = (X[)*™?yTy
= (XO)™ YT (xT)™ YT (xT)?™2xTy = (xI)™(x[)™Ty
= (XD)™Y(xI)™x = (xI)™XC(xI)™x.
= (xD)™yr(xM)™y = (xI)™ X (xC)™x
=(xI)™y = (xI)™x.

For m = 3, (xI')?= xI'xT'y. Similarly we prove that (yI')%y= yI'yI'x
=>(xI')?x= xI'xI'y= yI'yI'x = (y[')?y=>x = y. Therefore (T, T, +, [ ])is cancellative.

Theorem 3.10:Let (T, I', +, [ ]) is p-reflexive and permutable “ternary I'-semiring” then
(T, L, +, [ ]) is cancellative.

Proof: Similar to theorem 3.9.
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4. “Idempotent Pair” in “Ternary I'-Semirings”

Definition 4.1: A pair (u, v) of “elements” in a “ternary I'-semiring” T is known as an
“idempotent pair” if ul'v['(ul'vl'’x) = ul'vl'x and (xT'ul'v)['ul’ v= xT'ul'vvXxeT.

Definition4.2:A pair (u, v) of “elements” in a “ternary I'-semiring” T is known as a “natural
idempotent pair” if ul'v[u = u and vI'ul'v = v.

Definition4.3: “Two idempotent pairs” (u, v) and (w, z) of T are said to be “commute”if
ulvI(wlzI'x) = wlzI'(ul'vlx) and (XTul'v)I'wlz= (xTwI'z)/Ul'v ' X€eT.

Definition4.4:“Two idempotent pairs”(u, v) and (w, z) of T are said to be “equivalent” if ul'v'x
=wlzI'x and xT'ul'v =xI'wI'z ¥ X€T. In notion we write as (u,v) ~ (w, z).

Clearly, the relation defined above is an equivalence relation. The equivalence class

containing the idempotent pair (u, v) is denoted by (u,V). E(T) denote the set of all
“equivalence classes” of“idempotent pairs” in T.

Theorem 4.5: Every “idempotent pair” (u,v) in T is “equivalent” to a “natural idempotent
pair” (w, z) in T.

Proof : Suppose w = ul'vl'u and z = vl'ul'v.

Then wI'zI'w = (uI'vl[u)['(vI'ul'v)['(ul'vl'u) = ul'vl'u = w and

zI'wl'z = (v[ul'v)['(ur'vlu)'(vlul'v) = vl[ul'v = z, since (u,v) is an “idempotent pair” in T.
Again,wlzl'x = (ul'vlu)['(v[ul'v)I'x = ul'vl(ul'vlu)/vI'x = ul'vl'(ul'vlx)= ul'vl'x and

XIWI'z = XT'(ul'vl'u)['(vI'ul'v) =xTCul (vIul'v)['ul'v = (XTul'v)['ul'v = xT'ul'v.

Now assume that T is a “ternary I'-semiring” in which all the “idempotent pairs
commute” mutually. If (u, v) and (w, z) are “two idempotent pairs” in T, then (ul'v['w, z) is also
an “idempotent pair” in T, because

(urvIwI'zZ)r'(urvi'wrzrx) = (ulvi'wr'z)['(wI'zI'ul'vlx)
= ul'vl'(wI'zI'ul'vl'x)
= ulvll (uI'v['wl'zI'x) = ul'v['wlzI['x ¥ xeT and
(XTul'vIwIzZ)['(ul'vI'wl'z) = (XT'wI'z['ul'v)(ul'vl'wl'z)
= (xI'wlzl['ul'v)/wrl'z
= (XTul'vI'wI'z)I'wI'z = xTul'v['wI'z ' X€eT.
Similarly, we can show that (u, v['wI'z) is also an “idempotent pair” in T.
Moreover, (ul'vl'w, z) ~ (u, v['wI'z).

Definition4.6: A “commutative idempotent I'-semigroup” is called a “semi-lattice”.

Theorem 4.7: Let T be a “ternary I'-semiring” in which all the “idempotent pairs”
“commute mutually”. Then E(T) is a “semi-lattice” under the (binary) product defined by
(u, v).(w, 2) = (UI'VT'w, 2).

Proof:In E(T), we show that the above definition of product is well-defined. Suppose that
(u,v)= (u',v')and (w,z)=(W,z')in E(S). Then ul'v[x =uTvITx, X[Uul'V = xruTv' and
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wlzI'x= wrz'Tx , XI'wlz= xtwrz for all x3T. Hence (ur'vfw)lzx = (UTVTw)[z['x =
uTvT(WI'zI'x) = UuTVT(WIzZTX) =@urviw)rzl'x= (UTVTW)[ZTX and similarly,
xP(urviw)rz= XC(UTVTW)I'Z' vxe T, hence, (uI'vIw,z) ~ (uTvTw,z')i.e. (UIVIw,z2) =
(uTvTw,z'). Thus the product in E(T) is “well-defined”. Clearly, the “associative property
holds” in E(T). Hence E(T) is a “T'-semigroup”. Since by “hypothesis™, the “idempotent pairs”

in T“commute”, E(T) is “commutative”. Further, (u,v){(u,v)=(ul'v[u,v)=(u,v), since

(UFVFU,V) : (U,V). This shows that every “element” of E(T) is “idempotent”. Thus E(T) is a
“semi-lattice”.

Remark 4.8:The ‘“ssociated partial ordering” in the “semi-lattice” E(T) is given by
(u,v) <(w,z) if (u, v).(w,z) = (u,z) and is called the “natural partial ordering” of E(T).

Theorem 4.9: Let T be a “multiplicatively cancellative (MC) ternary I'-semiring”. Then
the “idempotent pairs” of “elements” of T (if they exist) are all “equivalent”.

Proof: Let (u, v) be an “idempotent pair” in a “MC ternary I'-semiring T”. Thenul'v['(uI'vl'x) =
ul'vI'xthat ul'v['x= xvx€eT, by “MLC”.Hence, for any “two idempotent pairs” (u, v) and (w, z),
we have ul'v'x= x=wI'zI'xvx € T. Similarly, xT'ul'v= x = x'wI'zvx € T. Consequently, (u, v) ~

(w, 2).

References
[1] Bedrich Pondelicek, (1973), “On Weakly Commutative Semigroups” .

[2] Chacron M., and Thierrin G., (1972), “o-Reflexive Semigroup and Rings”,Can. Math.
Bull., 15, 185-88.

[3] N. P. Mukherjee, (1972), “Quasi Commutative Semigroups 17, Czech Slovak Math.
Journal., 22, 449-453.

[4] E. Hewitt, and H. S. Zuckerman, “The L1-Algebra of Commutative Semigroup”

[5] M. Vasantha, Theory of TrI-Ideals &I'-TS-Act over Ternary I'-Semigroups — Ph.D.
Thesis, 2019, K.L. University, Vaddeswaram, A.P. India.

[6] M. Vasantha, D. MadhusudhanaRao and M. VenkateswaraRao- Structure and Study of
Elements in Ternary TI'-Semigroups-International Journal of Engineering
Research,Volume 4, Issue 4, 1% April-2015, pp 197-202.

[7]1 MamillapalliVasantha, D. MadhusudhanaRao, P. Siva Prasad, B. Srinivasa Kumar, T.

Satish — On I'-TS acts Over ternary I'-semigroups, International journal of Engineering
& Technology, 7(4.10) 2018, 812-815.

Page | 44 Copyright @ 2020 Authors



Juni Khyat ISSN: 2278-4632
(UGC Care Group I Listed Journal) Vol-10 Issue-7 No. 16 July 2020

[8] M. SajaniLavanya, Classification And Study Of Ternary I-Ideals In Ternary TI-
Semirings.Ph.D. Thesis, July 2017, AcharyaNagarjuna University, Nagarjuna University,
Nagarnuna Nagar, Guntur.

[9] M. SajaniLavanya, Dr. D. MadhusudhanaRaoand V. Syam Julius Rajendra, On
Lateral Ternary I'-ldeals of Ternary I'-Semirings, American International Journal of
Research in Science, Technology, Engineering & Mathematics, 12(1), September-
November, 2015, pp. 11-14.

* Kk kK *k

Page | 45 Copyright @ 2020 Authors



